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Abstract  

In this paper we introduced a generalized   -recurrent space for which Cartan’s fourth 

curvature tensor     
  satisfies the generalized recurrence property, i.e. characterized by the 

condition  

                           
        

    (  
       

    ) ,           
    , 

Which is also a finely connected space and Landsberg space, separately, where    is 

covariant differential operator with respect to    in the sense of Berwald, such spaces called 

a generalized   -recurrent affinely connected space and generalized   -recurrent 

Landsberg space, respectively.   

The purpose of this paper to develop some properties of generalized   -recurrent affinely 

connected space and generalized   -recurrent Landsberg space by obtaining the condition 

for some tensors to possess the properties of these spaces and to obtain various identities in 

such space.  

 

Keywords: Generalized   -recurrent affinely connected space, Generalized   -recurrent 

Landsberg space.  

  

1. Introduction  
       H. D. Pande and B. Singh [11] discussed the recurrence condition in an affinely 

connected space. A. A. A. Muhib [10] obtained some results when    generalized 

trirecurrent and     special generalized trirecurrent space are affinely connected spaces. 

Landsberg space of dimension 2 was first considered by G. Landsberg [7] from a standpoint 

of variation. Also such spaces of many dimension,  ́. Cartan [3] introduced it as one of 

particular cases and further L. Berwald ([1], [2]) showed that the space was characterized 

by     
   , where      

  is the ( hv ) curvature tensor. H. Yasuda [16] gave other 

characterization of Landsberg space and contributed a little for the theory of Landsberg space.   

       Let us consider an n-dimensional Finsler space    equipped with the metric function 

F(x,y) satisfies the request  conditions [14].  

The relation between the metric function F and the corresponding metric tensor given 
 
by  

(1.1)              (   )  
 

 
 ̇  ̇   (   ) .          

The metric tensor      satisfies the following relations 

(1.2) a)    (   )    =     and b)   
          . 

The tensor    (   ) is symmetric and positively homogeneous of degree zero in      

The two sets of quantities     and its associative    , which are components of a metric tensor 

are connected by  

(1.3)                     
  {
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By differentiating (1.1) partially with respect to   , we construct a new tensor      is defined 

by  

                       
 

 
 ̇                                         

This new tensor      is positively homogeneous of degree -1 in 
iy and symmetric in all its 

indices and called (h)hv-torsion tensor [8]. A according to Euler’s theorem on  homogeneous 

functions, this tensor satisfy the following: 

 (1.4)           )                    
    ,     

                    )         
       

and  

                    )            
                                  

           Berwald’s covariant derivative of the vector    vanish identically, i.e. 

(1.5)                                                                                                             
In general,  Berwald’s covariant derivative of the metric tensor     doesn't vanish and given 

by   

(1.6  )                                              

          The curvature tensor     
  is called Cartan’s third curvature tensor, it is positively 

homogeneous of degree zero in    , which defined by                                                                 

                      
        

   ( ̇    
  )   

     
 ( ̇   

     
   

 )     
     

              

The associate curvature tensor       of the curvature tensor     
  is given by  

(1.7)                        
       

The associateive curvature tensor        satisfies the following relation 

(1.8)                              
    

          The associate curvature tensor       of the curvature tensor     
  is given by  

(1.9)               
            

Cartan’s third curvature tensor     
 , Cartan’s fourth curvature tensor     

  and the h(v)-torsion 

tensor    
  are related by   

(1.10)            
       

      
                                                                                  

          The h(v)-torsion tensor    
  and the deviation tensor   

  are positively homogeneous of 

degree one and two in   , respectively. In view of Euler’s theorem on homogeneous functions 

and since the contraction of indies doesn't effect on the degree of the homogeneous, we have 

the following relation  

*        ⁄ means the subtraction from the former term by interchanging the indices   k  and   h  

. 

(1.11)            
      

      
           

       A Finsler space     for which the curvature tensor     
  satisfy the following [15] :   

(1.12)               
        

  ,          
      

is called    recurrent space, where    and     are  non-zero covariant vector field and 

covariant tensor field, respectively.  

Transvecting the condition (1.12) by    , using (1.5) and (1.10), we get  

(1.13)              
       

    
    Let the current coordinates in the tangent space at the point      be     , then the 

indicatrix          is a hypersurface defined by 

(1.14)              (        )     

or in the parametric form it is defined by 

(1.15)                (  )  ,        ,2,…,      
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Now, the projection of any tensor     
   on the indicatrix is given by 

(1.16)                  
         

     
      

  , 

where  

(1.17)              
      

             
 

2. A Generalized    Recurrent Space  

       Let us consider a Finsler space    for which Cartan’s fourth curvature tensor     
  

satisfies the condition [12]  

(2.1)                 
        

    (  
       

    )   ,       
    , 

is called a generalized   -recurrent space and briefly denoted by         where    and 

   are covariant vectors field.  

We have the condition [13]   

(2.2)                 
        

    (  
       

        
       

   )  (     
 )   

              

 

3. A Generalized     Recurrent Affinely Connected Space 

       We shall introduce definition for a generalized   -recurrent space to be also  

affinely connected space.              

 

Definition 3.1. A Finsler space whose Berwald’s connection parameter    
  is independent of  

   is called an affinely connected space ( Berwald’s space ).  

Thus, an affinely connected space is characterized by one of the equivalent conditions 

(3.1)          
 
 )     

                          and                   )           .                                                                

 

Remark 3.1.The connection parameter    
   of  ́. Cartan and    

  of L. Berwald coincide in 

affinely connected space and they are independent of the direction arguments [14 ], i.e.  

(3.2)            )     
   ̇    

            and           )  ̇    
      

 

Remark 3.2. In particular, the metric tensor     and its associative      are covariant constants 

in the sense of Berwald for affinely connected space, i. e.  

(3.3)            )                     and             )           

 

Definition 3.2. The generalized   -recurrent space which is affinely connected space 

[satisfies any one of the conditions (3.1a), (3.1b), (3.2a) and (3.2b) ], will be called a 

generalized   -recurrent affinely connected space and will be denote it briefly by     
   affinely connected space.  

 

Remark 3.2. It will be sufficient to call the tensor which satisfies the condition of     
  affinely connected space as generalized  -recurrent tensor ( briefly     ).  

       Let us consider a        affinely connected space.  

Transvecting the condition (2.2) by     , using (1.7) and (3.3a), we get 

                                        (  
       

                   ) 

                    (      )   
  . 

This shows that   

 (3.4)                                    

if and only if  

(3.5)                (  
       

                   )  (      )   
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Thus, we conclude  

       

Theorem 3.1. In        affinely connected space, the associative curvature tensor       

behaves as recurrent if and only if (3.5) holds good.   

Transvecting the condition (2.2) by    , using (1.10), (1.5), (1.2a) and in view of (1.4a), we 

get  

(3.6)                
       

    (  
      

   )      
Thus, we conclude   

        

Theorem 3.2. In        ,  Berwald’s covariant derivative of first order for the h(v) - 

torsion tensor    
  is given by the condition  (3.6). 

By using (3.3b), the equation [13] 

          (   )    (     )    

can be written as 

          (   )   . 

Thus, we conclude   

        

Theorem 2.3.4. In        , the curvature scalar   (of Cartan’s fourth curvature tensor 

    
 ), is non vanish. 

 

4. A Generalized     Recurrent Landsberg Space 

         Cartan’s connection parameter    
   coincided with Berwald’s connection parameter    

  

for a Landsberg space which characterized by the condition  

(4.1)                  
                        

 Various authors denote the tensor |

l

jkh lC y by jkhP  ( H.Izumi [4], [5], [6] ), and ( M. 

Matsumoto [9] ).  

 

Remark 4.1. In view of the conditions (3.1a), (3.1b), (3.2a) and (4.1), an affinely connected 

space is necessarily a Landsberg space. However, a Landsberg space need not be an affinely 

connected space. 

 

Definition 4.1. The generalized   -recurrent space which is Landsberg [satisfies the 

conditions (4.1)], will be called a generalized   -recurrent Landsberg space and will be 

denote it briefly by        Landsberg space. 

 

Remark 4.1. It will be sufficient to call the tensor which satisfies the condition of        

Landsberg space as generalized  -recurrent tensor ( briefly     ).  

       Let us consider a        Landsberg space.  

We have the identity [14]  

(4.2)           (           )         
        

        
    

Using (1.8) in (4.2), we get  

(4.3)           (                   
         

 )         
        

        
      

Taking the covariant derivative for (4.3) with respect to    in the sense of Berwald, using 

(1.4a), (1.5), (1.11), the symmetric property of the (h)hv-torsion      in all its indices and in 

view of (1.12), we get  

(4.4)             (           )     (      
        

 )   

Using (1.8), (1.4a) and (1.11) in (4.4), we get 
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(4.5)             (           )           
    (      

        
 )   

Using (4.2) in (4.5) and the symmetric property of the (h)hv-torsion      in all its indices, we 

get  

                   (      
        

 )    (      
        

 )           
    

This shows that 

(4.6)   (      
        

 )    (      
        

 ) 

If and only if 

        
     

Thus, we conclude  

       

Theorem 4.1. In        Landsberg space, the tensor (      
        

 ) behaves as 

recurrent, if and only if        
     

We have the identity [14]   

(4.7)                               (       
         

         
 )    

Taking the covariant derivative for (4.7) with respect to    in  the sense of Berwald, we get  

(4.8)             (                 )      (       
         

         
 )  

Transvecting the condition (2.1) by     , using (1.9), (3.3a), (1.2a) and the symmetric property 

of the metric tensor     , we get the condition  

(4.9)                              (             )   

In view of the condition (4.9) and by using the property of the symmetric property of the 

metric tensor      in (4.8), we get  

(4.10)             (                 )      (       
         

         
 )      

Using (4.7) in (4.10), we get   

(4.11)           (       
         

         
 )    (       

         
         

 )      

Transvecting (4.11) by     , using (1.4c) and (3.3b), we get  

(4.12)                    (   
    

     
    

     
    

 )    (   
    

     
    

     
    

 )    

Transvecting (4.11) by    , using (1.11), (1.4a) and (1.5), we get  

(4.13)    (      
        

 )    (      
        

 ) . 

Thus, we conclude  

       

Theorem 4.2. In        Landsberg space, the tensors (       
         

         
 ), 

(   
    

     
    

     
    

 ) and (      
        

 ) behave as recurrent.  

Taking the covariant derivative for (4.7) with respect to    in  the sense of Berwald, we get  

(4.14)           (                 )    *(      )   
      (     

 )    

                    (      )   
      (     

 )  (      )   
      (     

 )    

Using (4.8), (1.12) and (4.11) in (4.14), we get  

(4.15)         (      )   
  (      )   

  (      )   
       

 Transvecting (4.15) by   ,    and     ,separately, using (1.4a), (1.5) and (1.12), we get  

(4.16)         (      )  
        , 

(4.17)         (      )  
               

and 

(4.18)         (      )  
        ,  

respectively.  

Thus, we conclude  

        

Theorem 4.3. In        Landsberg space, we have the identities (4.15), (4.16), (4.17) 

and (4.18).   
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 5. Projection On Indicatrix For SomeTensors 

       Let us consider a        affinely connected space for which the associate curvature 

tensor       is recurrent in the sense of Berwald, i. e. satisfied the condition (3.4). 

In view of (1.16), the projection of the associate curvature tensor         on indicatrix is given 

by  

(5.1)                        
   

   
   

   

Taking the covariant derivative for (5.1) with respect to  
  in the sense of Berwald ,we get 

(5.2)          (        )    (       
   

   
   

 )              

Using the condition (3.4)  and the fact   
  is covariant constant  in (5.2), we get  

(5.3)          (        )           
   

   
   

    

 Using (5.1) in (5.3), we get    

                 (        )    (        )   

Thus, we conclude  

        

Theorem 4.2.2. In        affinely connected space, the projection of the associate 

curvature tensor       on indicatrix is recurrent in the sense of Berwald if and only if (3.5) 

holds good.   

       Let us consider a       Landsberg space for which the tensor (      
        

 )  is 

recurrent in the sense of Berwald, i. e. satisfied the (4.6). 

In view of (1.16), the projection of the tensor  (      
        

 )  on indicatrix is given by  

(5.4)           (      
        

 )  (      
        

 )  
   

   
   

   
   

Taking the covariant derivative for (5.4) with respect to  
  in the sense of Berwald, we get 

(5.5)              (      
        

 )     (      
        

 )  
   

   
   

   
                

Using (4.6) and the fact   
  is covariant constant  in(5.5), we get  

(5.6)            (      
        

 )    (      
        

 )  
   

   
   

    

 Using (5.4) in (5.6), we get    

                         (      
        

 )        (      
        

 )    
Thus, we conclude  

        

Theorem 4.2.3. In        Landsberg space, the projection of the tensor  (      
  

      
 )  on indicatrix is recurrent in the sense of Berwald if and only if       

    .   

       Let us consider a       Landsberg space for which the tensor (       
         

  

       
 )  is recurrent in the sense of Berwald. i. e. satisfied (4.11).                             

In view of (1.16), the projection of the tensor (       
         

         
 )  on indicatrix is 

given by  

(5.7)         (       
         

         
 )  (       

         
    

                           
 )  

   
   

   
   

   
      

Taking the covariant derivative for (5.7) with respect to  
  in the sense of Berwald, we get 

(5.8)            (       
         

         
 )     (       

         
   

                           
 )  

   
   

   
   

   
                

Using (4.11) and the fact   
  is covariant constant in (5.8), we get   

(5.9)            (       
         

         
 )    (       

         
   

                           
 )  

   
   

   
   

   
              

Using (5.7) in (5.9), we get    

                         (       
         

         
 )        (       
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 )   

Thus, we conclude  

        

Theorem 4.2.4. In        Landsberg space, the projection of the tensor (       
  

       
         

 ) on indicatrix is recurrent in the sense of Berwald.  

       Let us consider a        Landsberg space for which the tensor (   
    

     
    

  

   
    

 ) is recurrent in the sense of Berwald, i. e. satisfied (4.12).    

In view of (1.16), the projection of the tensor (   
    

     
    

     
    

 ) on indicatrix is 

given by  

(5.10)         (   
    

     
    

     
    

 )  (   
    

     
    

    

                       
    

 )  
   

   
   

   
   

      

Taking the  covariant derivative for (5.10) with respect to  
  in the sense of Berwald, we get 

(5.11)           (   
    

     
    

     
    

 )    (   
    

     
    

    

                       
    

 )  
   

   
   

   
   

      

Using (4.12) the fact   
  is covariant constant in (5.11), we get 

(5.12)           (   
    

     
    

     
    

 )    (   
    

     
    

    

                       
    

 )  
   

   
   

   
   

      

Using (5.10) in (5.12), we get   

                 (   
    

     
    

     
    

 )        (   
    

     
    

  

                       
    

 )   

Thus, we conclude  

       

Theorem 4.2.5. In        Landsberg space, the projection of the tensor (   
    

  

   
    

     
    

 )  on indicatrix is recurrent in the sense of Berwald.  

       Let us consider a        Landsberg space for which tensor (      
        

 )  is 

recurrent in the sense of Berwald, i. e. satisfied (4.13).    

In view of (1.16), the projection of the tensor (      
        

 ) on indicatrix is given by  

(5.13)         (      
        

 )  (      
        

 )  
   

   
   

   
                        

Taking the covariant derivative for (5.13) with respect to  
  in the sense of Berwald, we get 

(5.14)           (      
        

 )    (      
        

 )  
   

   
   

   
     

Using (4.13) the fact    
  is covariant constant and  in (5.14), we get 

(5.15)           (      
        

 )    (      
        

 )  
   

   
   

   
                     

Using (4.13) in (5.15), we get    

                     [   (      
        

 )]     [   (      
        

 )]  

Thus, we conclude  

        

Theorem 4.2.6. In        Landsberg space, the projection of the tensor (      
  

      
 )  on indicatrix is recurrent in the sense of Berwald.             
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