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Abstract
In this paper we introduced a generalized BK -recurrent space for which Cartan’s fourth
curvature tensor Kjikh satisfies the generalized recurrence property, i.e. characterized by the
condition

BnKhin = AmKjin + tm (6h9jx — 6k9jn) . Kjin 0,
Which is also a finely connected space and Landsberg space, separately, where B,, is
covariant differential operator with respect to x™ in the sense of Berwald, such spaces called
a generalized BK -recurrent affinely connected space and generalized BK -recurrent
Landsberg space, respectively.
The purpose of this paper to develop some properties of generalized BK-recurrent affinely
connected space and generalized BK-recurrent Landsberg space by obtaining the condition
for some tensors to possess the properties of these spaces and to obtain various identities in
such space.

Keywords: Generalized BK -recurrent affinely connected space, Generalized BK -recurrent
Landsberg space.

1. Introduction
H. D. Pande and B. Singh [11] discussed the recurrence condition in an affinely
connected space. A. A. A. Muhib [10] obtained some results when R" — generalized
trirecurrent and R" — special generalized trirecurrent space are affinely connected spaces.
Landsberg space of dimension 2 was first considered by G. Landsberg [7] from a standpoint
of variation. Also such spaces of many dimension, E. Cartan [3] introduced it as one of
particular cases and further L. Berwald ([1], [2]) showed that the space was characterized
by j"kh =0, where jikh is the ( hv ) curvature tensor. H. Yasuda [16] gave other
characterization of Landsberg space and contributed a little for the theory of Landsberg space.
Let us consider an n-dimensional Finsler space E, equipped with the metric function
F(x,y) satisfies the request conditions [14].
The relation between the metric function F and the corresponding metric tensor given by

(L) gy(ey) =50:0,F%(x,y) .

The metric tensor g;; satisfies the following relations

(1.2) 2) gij (6, Y) ¥ = y; and b) 8 gik = Gnk - .
The tensor g;;(x, y) is symmetric and positively homogeneous of degree zero in y*.

The two sets of quantities g;; and its associative g/, which are components of a metric tensor

are connected by
; 1 ifi=k
gk = k = !
(13) 949" =9 {0 if i #k
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By differentiating (1.1) partially with respect to y*, we construct a new tensor Cijx is defined
by
1 .
Cijk = 50igjk-
This new tensor C;j is positively homogeneous of degree -1 in y"and symmetric in all its

indices and called (h)hv-torsion tensor [8]. A according to Euler’s theorem on homogeneous
functions, this tensor satisfy the following:
(1.4) @) Cijiy* = Ciijy* = Gry* =0,
b) Cisk = lek Yis
and
¢) Gsig’* = Cg. '
Berwald’s covariant derivative of the vector y* vanish identically, i.e.
(1.5) B,y' = 0.
In general, Berwald’s covariant derivative of the metric tensor g;; doesn't vanish and given
by
(1.6 ) Bi9ij = —2Cijiny" = —2y"ByCijy.
The curvature tensor }kh is called Cartan’s third curvature tensor, it is positively
homogeneous of degree zero in y*, which defined by
Rien: = 0nl + (05%) Gin + Gl (0kGE* — GIHGR) + Tob T — k/h ™
The associate curvature tensor R;j,, of the curvature tensor jkh is given by

(1.7) Rijkn = GrjRixn-
The associateive curvature tensor R, satisfies the following relation
(1.8) Rijkn = Kijkn + CijsHip. .
The associate curvature tensor K;j,, of the curvature tensor K, is given by
(1.9) Kixngrj = Kjikn-

Cartan’s third curvature tensor R}'kh, Cartan’s fourth curvature tensor Kj,., and the h(v)-torsion

tensor Hj.,, are related by
(1.10) R;khy] = Hyp, = Kjlkhy]-

The h(v)-torsion tensor H., and the deviation tensor H}, are positively homogeneous of
degree one and two in y!, respectively. In view of Euler’s theorem on homogeneous functions
and since the contraction of indies doesn't effect on the degree of the homogeneous, we have
the following relation
* —k/h means the subtraction from the former term by interchanging the indices k and h

(L11)  Hewy* = Hy = —Hyy*.
A Finsler space FE, for which the curvature tensor R}kh satisfy the following [15] :

(112)  ByRhp = AmRh . Rjn # 0
is called R" —recurrent space, where 1,, and a;,,, are non-zero covariant vector field and
covariant tensor field, respectively.
Transvecting the condition (1.12) by y/ , using (1.5) and (1.10), we get
(1.13) B HLy = A HLp.

Let the current coordinates in the tangent space at the point x, be x!, then the
indicatrix I,,_, isahypersurface defined by
(1.14) F(xy,x')=1
or in the parametric form it is defined by
(1.15) xt=x'w), a=12,.,n—1.
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Now, the projection of any tensor T} on the indicatrix is given by
(1.16) p.T :=T§¢ hih?Y,

where

(1.17) hi:= 8L —19,..

2. A Generalized BK —Recurrent Space

Let us consider a Finsler space F, for which Cartan’s fourth curvature tensor Kf}m
satisfies the condition [12]
(2.1) BmKjin = AmKjin, + tim (8195 — 6k9jn) + Kjin # 0,
is called a generalized BK-recurrent space and briefly denoted by GBK — RF,, where 1,,, and
U are covariant vectors field.
We have the condition [13]

(2.2) B fkh = AmR}kh + #m(5li19jk - 6Iicgjh + Cjihyk - Cjith) + (Bmc}i?")Hl:h'

3. A Generalized BK — Recurrent Affinely Connected Space
We shall introduce definition for a generalized BK-recurrent space to be also
affinely connected space.

Definition 3.1. A Finsler space whose Berwald’s connection parameter G}, is independent of
y' is called an affinely connected space ( Berwald’s space ).

Thus, an affinely connected space is characterized by one of the equivalent conditions

(3.1) a) Ghp =0 and b) Cijkn = 0.

Remark 3.1.The connection parameter Iy of E. Cartan and G., of L. Berwald coincide in
affinely connected space and they are independent of the direction arguments [14 ], i.e.

(3.2) a) Ghp = 0;Ghp, = 0 and b) 9,Tk = 0.

Remark 3.2. In particular, the metric tensor g;; and its associative gY are covariant constants
in the sense of Berwald for affinely connected space, i. e.
(3.3) a) Bxgij =0 and b) B,g" = 0.

Definition 3.2. The generalized BK -recurrent space which is affinely connected space
[satisfies any one of the conditions (3.1a), (3.1b), (3.2a) and (3.2b) ], will be called a
generalized BK-recurrent affinely connected space and will be denote it briefly by GBK —
R — affinely connected space.

Remark 3.2. It will be sufficient to call the tensor which satisfies the condition of GBK —
R —affinely connected space as generalized B-recurrent tensor ( briefly GB — R).

Let us consider a GBK — R — affinely connected space.
Transvecting the condition (2.2) by g;,, , using (1.7) and (3.3a), we get

BmRipin = AmRipien + Gipbm (819jx — 8£9jn + CipnYi — Cipr¥n)

+(BmCipr ) Hin -
This shows that
(3.4) Bijpkh = Aijpkh
if and only if
(3.5) gipﬂm((sfllgjk —0xgjn + CipnYx — ijkyh) + (Bijpr)HI:h =0.
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Thus, we conclude

Theorem 3.1. In GBK — R — affinely connected space, the associative curvature tensor Rj,xp
behaves as recurrent if and only if (3.5) holds good.

Transvecting the condition (2.2) by y/ , using (1.10), (1.5), (1.2a) and in view of (1.4a), we
get

(3-6) BmHIlch = AmHIlch + Mm(S;lyk - Sllcyh)-

Thus, we conclude

Theorem 3.2. In GBK — RE,, Berwald’s covariant derivative of first order for the h(v) -
torsion tensor Hj.,, is given by the condition (3.6).
By using (3.3b), the equation [13]
BmK = AmK + n(n - 1)/v‘m + (Bmgjk)kjk
can be written as
BmK = ApK +n(n — Dy, .
Thus, we conclude

Theorem 2.3.4. In GBK — RF,, the curvature scalar K (of Cartan’s fourth curvature tensor
Kjin), is non vanish.

4. A Generalized BK — Recurrent Landsberg Space

Cartan’s connection parameter I}y coincided with Berwald’s connection parameter G,
for a Landsberg space which characterized by the condition
(4.1) VrGlix = =2Cijiqny"™ = —2P;j = 0.
Various authors denote the tensor Cjkh“y' by Py, ( H.lzumi [4], [5], [6] ), and ( M.
Matsumoto [9] ).

Remark 4.1. In view of the conditions (3.1a), (3.1b), (3.2a) and (4.1), an affinely connected
space is necessarily a Landsberg space. However, a Landsberg space need not be an affinely
connected space.

Definition 4.1. The generalized BK -recurrent space which is Landsberg [satisfies the
conditions (4.1)], will be called a generalized BK -recurrent Landsberg space and will be
denote it briefly by GBK — R — Landsberg space.

Remark 4.1. It will be sufficient to call the tensor which satisfies the condition of GBK — R —
Landsberg space as generalized B-recurrent tensor ( briefly GB — R).

Let us consider a GBK — R — Landsberg space.
We have the identity [14]

(4.2) (Knijk — Kjkni)y’ = CrnicH] — CrycHj; — CopiHE,.
Using (1.8) in (4.2), we get
(4.3) (Ruijic — Rikni — ChirHji + Cirer Hp)y? = CrnicH] — CriHf, — Cri H-

Taking the covariant derivative for (4.3) with respect to x™ in the sense of Berwald, using
(1.4a), (1.5), (1.11), the symmetric property of the (h)hv-torsion C;jy in all its indices and in
view of (1.12), we get

(4.4) Am(Rnijic — Rikni )y’ = B (CrniH] — CripHY).

Using (1.8), (1.4a) and (1.11) in (4.4), we get
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(4.5) Am(Knijie = Kikni)y? — AmChirHf = Bin (ConcH] — CrircH}).
Using (4.2) in (4.5) and the symmetric property of the (h)hv-torsion C;;; in all its indices, we
get

B (CrniH{ — CricHp) = Ay (CrnicH] — CrigHp) — 24,5, CpipHy
This shows that
(4-6) Bm(Crthlr leH ) - m(CrthT rlkH )
If and only if
CnirHp, = 0.
Thus, we conclude

Theorem 4.1. In GBK — R — Landsberg space, the tensor (C,nxH] — C,ixHy,) behaves as
recurrent, if and only if Cy;-Hj, = 0.
We have the identity [14]

(4.7) Kijnk + Kikjn + Kinkj = —2(CijeHpg + Cir Hjp, + Cinyr Hy ).
Taking the covariant derivative for (4.7) with respect to x™ in the sense of Berwald, we get
(4.8) By (Kijni + Kikjn + Kinkj) = —2Bm (CijrHpy + Cigr Hjp, + Cinr Hy ).

Transvecting the condition (2.1) by g;,- , using (1.9), (3.3a), (1.2a) and the symmetric property
of the metric tensor g;; , we get the condition

(4.9) BnKrjin = AmKrjin + tim (Gnrgjx — Gxr9jn)-

In view of the condition (4.9) and by using the property of the symmetric property of the
metric tensor g;; in (4.8), we get

(4.10) Am(Kijnk + Kikjn + Kinkj) = —2Bi(CijrHpg + Cigr Hjp, + Ciny Hj)-

Using (4.7) in (4.10), we get

(4.11) B (CijrHpre + Cirr Hjp, + CinyHyj) = Am(CijrHpy + Cior Hjy + Cing Hy ).
Transvecting (4.11) by g* , using (1.4c) and (3.3b), we get

(4.12) Bm(CerH;lﬂk + Clgr jr;t + CiirHIZj) = Am(st;*Hi?;k + Clgr ]'7;1 + ClirHI:j)'
Transvecting (4.11) by y" , using (1.11), (1.4a) and (1.5), we get
(4.13) Bm(cierI: - Cierjr) = Am(cierIZ - Cierjr) .

Thus, we conclude

Theorem 4.2. In GBK — R — Landsberg space, the tensors (C;jrHpy + CyerHjyy + CinrHg;),
(CjSTH,Zk + CieyHjjy, + Gy Hy;) and (Cyj-Hy, — Cy-H;) behave as recurrent.
Taking the covariant derivative for (4.7) with respect to x™ in the sense of Berwald, we get
(4.14) m(KL]hk + Klk]h + thk]) = _2{(Bmcijr)Hi1;k + Cijr(BmH;;k) +
+(B Clkr) nt Clkr(B h) + (BmCihr)HI:j + Cihr(BmHI:j)'
Using (4.8), (1.12) and (4 11) in (4.14), we get
(4-15) (B Cl]r)Hhk + (B Clkr) + (B ClhT‘)Hk] = 0.
Transvecting (4.15) by y/, y* and y" ,separately, using (1.4a), (1.5) and (1.12), we get
(4.16) (BnCixr)Hy, —k/h =10,
(417)  BuCon)H —/j =0
and
(4.18)  (BmCyjr)Hi —j/k =0,
respectively.
Thus, we conclude

Theorem 4.3. In GBK — R — Landsberg space, we have the identities (4.15), (4.16), (4.17)
and (4.18).
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5. Projection On Indicatrix For SomeTensors

Let us consider a GBK — R — affinely connected space for which the associate curvature
tensor R; jxp, is recurrent in the sense of Berwald, i. e. satisfied the condition (3.4).
In view of (1.16), the projection of the associate curvature tensor R;;, on indicatrix is given
by
(5.1)  p.Rijn = Rapcahih) hihj.
Taking the covariant derivative for (5.1) with respect to x™ in the sense of Berwald ,we get
(5-2) m(p Rl]kh) Bm(Rabcdhahbhkhg)'
Using the condition (3.4) and the fact hﬁ is covariant constant in (5.2), we get
(5-3) m(p Rl]kh) A Rabcdhahbhkhg'
Using (5.1) in (5.3), we get

Bm(p - Rijin) = Am(P - Rijin)-

Thus, we conclude

Theorem 4.2.2. In GBK — R — affinely connected space, the projection of the associate
curvature tensor R; ., on indicatrix is recurrent in the sense of Berwald if and only if (3.5)
holds good.

Let us consider a GBK — R —Landsberg space for which the tensor (C,pxH] — CrixHy,) 1S
recurrent in the sense of Berwald, i. e. satisfied the (4.6).
In view of (1.16), the projection of the tensor (C,nH; — CrixHf,) on indicatrix is given by
(5-4) p. (C‘l"thlr - CrikH;;) = (CabchCll - Cachg)hthhlcch?hZ-
Taking the covariant derivative for (5.4) with respect to x™ in the sense of Berwald, we get
(5-5) Bm [p . (Crthir T'lth)] m[(CabcH(Cil - Cachg)hthhlih?hZ]-
Using (4.6) and the fact hﬁ is covariant constant in(5.5), we get
(5-6) Bm [p . (Crthir leHh)] m(CabcHd Cachl?)hahbhkhg'
Using (5.4) in (5.6), we get

Bm [p . (CrthlT T‘lth)] [p ' (Crthir leHh)]

Thus, we conclude

Theorem 4.2.3. In GBK — R — Landsberg space, the projection of the tensor (C,pH] —
CrixHy) on indicatrix is recurrent in the sense of Berwald if and only if Cy,;,-H;, = 0 .
Let us consider a GBK — R —Landsberg space for which the tensor (C;jHpy, + Cyer Hjjy +

CinrHy;) 1s recurrent in the sense of Berwald. i. e. satisfied (4.11).
In view of (1.16), the projection of the tensor (C;j-Hpy + CierHjj, + Cinr-Hy;) 0N indicatrix is
given by
(5-7) p- (Cierqu + Clerﬁl + ClhrHI:j) = (Cabchcie + Caecngd

+CaacHgp)R{h) RERTRERE.
Taking the covariant derivative for (5.7) with respect to x™ in the sense of Berwald, we get
(5-8) Bm [p ' (Cier}T;k + CikTH]?;’l + CihrHI:j)] = Bm[(cabcHée + CaecHgd

+CaacHép) R hy T RGHE].
Using (4.11) and the fact hg is covariant constant in (5.8), we get
(5-9) Bmp . [(Cl]rHiT;k + Clerﬁl + CihrHI:j)] = Am(cabcng + CaecHlsd

+CaacHgp) R} RERTRERE.
Using (5.7) in (5 9), we get

(Cl]THhk + Cler]h + Clh‘l"Hk]) (Cle'Hhk + Clerﬁl
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+CinrHic)]-
Thus, we conclude

Theorem 4.2.4. In GBK — R — Landsberg space, the projection of the tensor (C;j-Hpy +
CirrHjp, + CinyrHgj) On indicatrix is recurrent in the sense of Berwald.
Let us consider a GBK — R — Landsberg space for which the tensor (Cj;.Hpy + Cie, Hjp, +
ChrHy;) is recurrent in the sense of Berwald, i. e. satisfied (4.12).
In view of (1.16), the projection of the tensor (Cj;-Hpy + Cp-Hjj, + Cry-Hy;) On indicatrix is
given by
(5.10)  p.(CiHpy + CirHjp + CirHiy) = (CpeHge + CécHpg
+C3 HSp) e iR hiThE.
Taking the covariant derivative for (5.10) with respect to x™ in the sense of Berwald, we get
(5.11) Bpup. (C]SrHIZk + Cier ﬁz + CiirHI:j) = B (CpcHge + CécHpg
+CG HEp)hih) hi T hGhE.
Using (4.12) the fact hg‘ Is covariant constant in (5.11), we get
(5-12) Bmp . (C}iHl:k + Clgr jT;L + CiirHI:j) = Am(CI?CHée + Cchlgd
+C§‘eHgb)hflh}’h$h£h’c}h’g.
Using (5.10) in (5.12), we get
Bm[p : (C}ingk + Clgr jT;z + CiirHI:j)] = Am[p . (CerH;;k + Clgr ]'1;1
+CirHE D).
Thus, we conclude

Theorem 4.2.5. In GBK — R — Landsbherg space, the projection of the tensor (CjSTH,fk +
CierHjp + C,frH,Cj) on indicatrix is recurrent in the sense of Berwald.

Let us consider a GBK — R — Landsberg space for which tensor (CyjHy — Cye-H;) is
recurrent in the sense of Berwald, i. e. satisfied (4.13).
In view of (1.16), the projection of the tensor (C;j,-Hy — Cix-H;') on indicatrix is given by
(5.13) p- (CierI: - Cier]T) = (CabcH(g - Cachlg)h?hjl')hﬁhghlg'
Taking the covariant derivative for (5.13) with respect to x™ in the sense of Berwald, we get
(5-14) Bmp . (CierI: - Cierjr) = Bm(cabcHé - Cachg)hlqh]ph?hghlcci'
Using (4.13) the fact hg is covariant constant and in (5.14), we get
(5.15)  Bpp. (Cierl: - Cierjr) = Am(CapcHg — CachIS)hlqh]ph?hghlcci
Using (4.13) in (5.15), we get

Bulp . (CijrHi = CirH})] = A [P - (CijeHi = CaterH} )]

Thus, we conclude

Theorem 4.2.6. In GBK — R — Landsberg space, the projection of the tensor (Cier;C -
CierjT) on indicatrix is recurrent in the sense of Berwald.
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